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In electron field emission experiments, a linear relationship in plots of slope vs. intercept obtained from Fowler-
Nordheim analysis is commonly observed for single tips or tip arrays. By simulating samples with many tips, it
is shown here that the observed linear relationship results from the distribution of input parameters, assuming
a log-normal distribution for the radius of each tip. Typically, a shift from the lower-left to the upper-right
of a slope-intercept plot has been correlated with a shift in work function. However, as shown in this paper,
the same effect can result from a variation in the number of emitters.
I. INTRODUCTION
Field emitters such as carbon nanofibers play an im-
portant role in today’s vacuum electronics.1 They are also
used in ion sources, for example field ionization sources
for neutron generators.2–6 In all cases, it is important to
be able to characterize the field emitter samples, which
can be done using electron field emission experiments,
see for example Ref. 7.
Electron field emission occurs as a result of a tunneling
process of electrons through a potential barrier. This was
first reported by Fowler and Nordheim in 1928,8 who
derived an equation for the emitted current. In their 1-
dimensional model, the emission current is expressed as a
function of the local field, the emitter area, and the work
function of the material. Since then, the model has been
extended to include a number of correction factors.9
The Fowler-Nordheim (FN) equation can be rewritten
using a different set of variables, such that the relation-
ship between these new variables is linear. The linear fit
results in two parameters: the slope and the intercept. If
one acquires several FN-plots for the same sample or for
a set of different samples, different slope-intercept data
points are obtained. When plotting the slope against the
intercept, an almost linear relationship has been observed
in many cases.10–13 It has not been clear what the ori-
gin of this linear relationship is or what it implies. In
this paper, the linearity is explained using a statistical
model simulating field emission from tips with a random
distribution of height, radius, and work function.
II. THEORY
In the following, the equations used for the simula-
tions presented in this paper are introduced. For an in-
troduction into the theory of field emission, the reader
is referred to Gomer,14 and for a short summary to the
article on FN-analysis by Forbes et al.9,15
The simplest equation for FN-tunneling is given by
I =
caAE
2
local
Φ
exp
(−cbΦ1.5
Elocal
)
, (1)
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where I is the emitted current, ca and cb are the so-
called first and second FN-constants, A is the emitting
area, Φ is the work function of the material, and Elocal is
the local electric field. The values for the FN-constants
are ca =
e3
16pi2h¯ = 1.5414×10−6 AeV/V2 and cb = 4
√
2me
3eh¯ =
6.8309 × 109 Vm/eV1.5, with e, me, being the charge and
mass of an electron, respectively, and h¯ being the reduced
Planck constant.
The local field can be expressed using the applied field
E and a local field enhancement factor γ, as
Elocal = γE. (2)
Equation (1) is derived for the 1-dimensional case and
a uniform applied field. In experiments, the field is en-
hanced at a step or a sharp point. The enhancement
factor γ directly expresses the amount of enhancement
from a tip-like structure compared to a flat surface. For
cylindrical tips, a simple estimate is given by
γsimple =
H
R
, (3)
where H is the height of the tip and R the radius. A more
precise estimate is given by Edgcombe and Valdre`16 as
γ = 1.2
[
H
R
+ 2.5
]0.9
. (4)
If there are many emitters in an array structure, there is
also a shielding effect that needs to be taken into account,
especially if the tips are very close to each other. The
shielding effect can be estimated17,18 using
γarray = γ
[
1− exp
(
−2.3171 S
H
)]
, (5)
where S is the spacing between the tips.
It can be helpful to rescale the FN-equation using
f =
c2S
Φ2
Elocal, (6)
where cS is the Schottky constant (c
2
S =
e3
4pi0
; 0 is the
electric constant). By doing this, the FN-equation now
depends on a dimensionless variable. Using this rescaling
approach and adding some correction factors, the FN-
equation can be written as9
I = Aca
Φ3
c4S
f2 exp
(
−cbc
2
S√
Φ
[
1− f + 1
6
f ln(f)
]
1
f
)
. (7)
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2This equation is physically more realistic than Eq. (1),
since it takes image forces into account. This has the
effect that the tunneling barrier is lower compared to the
case in Eq. (1), and higher emission currents (typically
by a factor of 100 or more) are predicted.
The linear relationship of the FN-plot is seen when
rewriting Eq. (1) as
ln
(
I
E2
)
= ln
(
caAγ
2
Φ
)
− cbΦ
1.5
γ
1
E
. (8)
Clearly, this equation has the linear form,
ln
(
I
E2
)
= b+m
1
E
. (9)
More realistic equations, such as equation (7), generate
nearly (but not exactly) linear FN-plots. These more
realistic theoretical plots, and also many experimental
FN-plots, can in practice be fitted by a linear equation
of form Eq. (9). In all the figures in this paper, the
quantity IE2 is expressed in the units (AV
−2m2) before
the natural logarithm is taken.
From the slope m and the intercept b of the fit, one
can calculate two of the three parameters A, Φ, and γ,
if one makes an assumption about the third parameter.
Often one assumes a known value for the work function
in order to extract the other two parameters. Due to the
form of the equation, it is not easy to obtain information
on the work function and the field enhancement factor
at the same time, since they appear almost as Φγ , which
makes them difficult to distinguish. Furthermore, it is
non-trivial to define the emitting area. This is due to
the fact that the original equation was derived for the 1-
dimensional case, whereas for a 3-dimensional sharp tip
the electric field will not be constant across the surface
and there will be a field dependence of the area that is
not included in these equations. In addition, time de-
pendence of any of the parameters is not included in this
analysis. Time dependent effects include changes in the
work function and field enhancement factors due to ab-
sorbents on the surface or blunting of the tips due to
sputtering or heating effects.
III. SLOPE-INTERCEPT PLOTS
In order to compare different samples or to examine
the behavior of a single sample over time, plotting the
slope and intercepts from fitting different FN-plots was
introduced.19,20 Often these plots are also referred to us-
ing their Japanese names: Seppen-Katamuki plots or SK-
plots for short. From Eq. (1), one can calculate lines
of constant work function or constant field enhancement
factor for these plots. Assuming one of the relationships
between radius, height, and field enhancement factors
listed above, equations for constant height and constant
radius can also be derived.10,13,19–22
In SK-plots, a linear relationship between the slope and
the intercept is often observed.13,19,20,23 However, this
linear relationship cannot easily be explained assuming
only a change in a single parameter, such as the radius.
For a possible explanation using the simple FN-equation,
one needs to assume a more complex radial dependency
of the area.19,24 Another problem with explanations of
this kind can be seen if one looks at data from repeated
experiments, for example, as shown in Figure 7 in the
paper of Gotoh et al.25 The data points do not start at
one end of the line and then move along to the other
end, as one would expect if the change would be due to a
continuous function, but rather the distribution of data
points along the line appears to be random.
The linear relation shown in the SK-plots seems to be
orthogonal to a change in work function and therefore
different parallel lines in a SK-plot have been attributed
to a change in the work function and absolute values have
been extracted. A good example of this can be seen in
the work of Gotoh et al.,23 where the authors were able
to extract the work functions for different crystal planes
of a tungsten emitter.
Charbonnier, Southall, and Mackie also investigated
further possible explanations for the linear behavior in
SK-plots, and considered whether nano-protrusions on
top of a single emitter can be the cause. They found
that a single protrusion cannot fit the experimental data,
but if several protrusions are used then good linear fits
to the SK-plots can be obtained by choosing the correct
parameters for these protrusions.11
IV. SIMPLIFIED MODEL
For an array of N tips, the FN-equation becomes more
complicated, since one has to deal with many tips that
will show a distribution of heights, radii and work func-
tions. Also, the shielding between tips cannot be eas-
ily computed, since neighboring tips will have different
heights and radii and therefore the shielding effect will
vary. The shielding effect can be neglected, however, if
the distance between tips is larger than twice the height
of the tips.17 From here on, the assumption is made that
the tips on the sample are spaced even further apart and
therefore any shielding effect is ignored. To make the
model very simple, Eqs. (1)– (3) are used. The index i is
used to distinguish different tips, that is, Ri will be the
radius of tip i, etc. Furthermore, a very basic relation
for the area of each tip, Ai = pir
2
i , is assumed. The total
current for a single sample can then be written as
I =
N∑
i
capiH
2
i E
2
Φi
exp
(−cbΦ1.5i Ri
HiE
)
. (10)
Nicolaescu et al. have used a similar equation to di-
rectly fit FN-plots using parameters of the distribution
as fitting parameters.26,27
3The distribution of most parameters is most likely a
log-normal distribution (negative values for height and
radius from a normal Gaussian distribution would not
make sense). A log-normal distribution for the radius
has also been observed by Ding et al.,28,29 as well as by
Park et al. for the field enhancement factor.30
V. SIMULATION RESULTS
In the following, the results of simulations using
Eq. (10) with varying parameters are shown. The differ-
ence between a simple model and using the more realis-
tic FN-equation (7), and the different approximations for
the field enhancement factors are also examined. Various
random distributions are explored (log-normal, normal,
uniform), as well as the effect of just using a constant
value. When comparing a log-normal/Gaussian distri-
bution with a uniform distribution, the range in values
for the uniform distribution is chosen to coincide with six
standard deviations of the log-normal/Gaussian distribu-
tion. Histograms of example distributions are plotted in
Fig. 1.
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FIG. 1. The investigated distributions using the radial dis-
tribution as an example. Top row: log-normal distribution,
uniform distribution, bottom row: constant value, Gaussian
distribution.
The simulations were carried out using python.31 The
numerical python module numpy32 was used for most
of the calculations and for random number generation,
pylab33 was used for plotting, scipy32 was used for the
fitting routine, and ipython34 was utilized to execute the
main routine in parallel on a local ipcluster. The basic
algorithm consisted of the following steps for calculating
K samples of size S: a) generate S random distributed
values for radius, height and work function, and calcu-
late field enhancement factors for each tip; b) for a given
range of applied electric field, calculate the total current
for the sample for each field value; c) perform a linear
fit on the simulated data using Eq. (9) and save the fit
parameters; d) repeat steps a)-c) K times to generate
statistics; e) plot results.
For the following results, the values shown in Table I
are used unless otherwise noted. The electric fields used
for the fit were 20 evenly spaced values between 1.6 V/µm
and 26 V/µm.
Parameter Radius Height Work function
Average µ 40 nm 6µm 4.8 eV
Deviation σ 5 nm 0.1µm 0.3 eV
TABLE I. Parameters used in the simulation. For a uniform
distribution, the minimum and maximum values are taken as
µ± 3σ and for constant values just the value for µ is used.
In Figs. 2 and 3, results are plotted for a sample with
a constant height and a constant work function, but dif-
ferent radial distributions: uniform and log-normal. Fur-
thermore, the number of tips per sample, N in Eq. (10),
is varied as shown in the plots. One can see that a nearly
linear relationship emerges for large N and a log-normal
distribution of tip radii. This emerging behavior is
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FIG. 2. SK-plot for uniform radial distribution, constant
height and work function, variation in sample size. For each
sample size 100 samples have been simulated.
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FIG. 3. SK-plot for log-normal radial distribution, constant
height and work function, variation in sample size. For each
sample size, 100 samples have been simulated.
4purely statistical in nature due to the fact that a log-
normal distribution has a non-zero probability of con-
taining very sharp tips. However, when one looks more
closely at a single SK-plot and generates better statis-
tics, a different picture is revealed. A histogram of a
simulation using 128 emitters per sample for a total of
5000 samples is shown in Fig. 4 and shows that instead
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FIG. 4. SK-plot for log-normal radial distribution, log-normal
height, and constant work function, sample size 128. 5000
samples have been simulated.
of a linear relationship the SK-plot is actually closer to
a 2-dimensional Gaussian distribution, which would be
expected for large numbers. From Fig. 3, it is clear that
the greater the number of tips/sample the narrower the
2-dimensional Gaussian distribution will be, resulting in
the almost linear appearance.
In Fig 5, the dependency of the shape of the SK-plot
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FIG. 5. SK-plot for constant height and work function with
varying distributions for the radius. Sample size 1024 tips,
400 samples have been simulated for each distribution.
on the type of radial distribution is explored. Obviously,
if only constant values are used, all data points in the SK-
plot are the same. A uniform distribution for the radius
results in a horizontal distribution of points that only
varies slightly on the SK-plot. This is similar to plots of
constant radius in previous publications, although using
a simpler model for the dependency of the FN-equation
on tip radius. A log-normal or Gaussian distribution,
however, shows an almost linear spread across a wide
range of values in the SK-plot, very similar to experi-
mental observations.
It is also easy to simulate the effect of the different ap-
proximations for the field enhancement factor (Eqs. (3)–
(5)). The results are shown in Fig. 6. Although there is
a shift in values, the shape of the resulting plot does not
change. Therefore, for the purpose of this paper the use
of the simplest approximation is justified.
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FIG. 6. SK-plot for log-normal radial distribution, log-normal
height, and constant work function. Comparing the effect of
different approximations on the field enhancement factor. For
the array simulation a spacing of 10µm was assumed.
Similarly, the simple FN-equation yields the same re-
sults compared to the more realistic one, as seen in Fig. 7.
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FIG. 7. SK-plot for log-normal radial distribution, log-normal
height, and constant work function. Comparing the use of
the simple FN-equation vs. the more complex one. Each
simulation used 400 samples with 1024 tips.
In addition, using different distributions for the height
does not influence the shape of the SK-plots, as can be
seen in Fig. 8. In Fig. 9, different SK-plots are shown for
a log-normal height distributions with different standard
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FIG. 8. SK-plot for log-normal radial distribution and con-
stant work function. Varying the type of distribution for the
height. Each simulation used 400 samples with 1024 tips.
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FIG. 9. SK-plot for log-normal radial distribution, log-normal
height, and constant work function. Varying the standard
deviation of the height distribution. Each simulation used
400 samples with 1024 tips.
deviations. The width of the resulting plot and the po-
sition vary, but the distributions along the length of the
SK-plot seem to be dominated by the radial distribution
for this parameter space.
Finally, the distribution of different work function val-
ues with SK-plots for different sample sizes are compared.
In Fig. 10, one can see that it is impossible to distinguish
a work function change of 0.3 eV and a change in sample
size of a factor of 4. A distribution of work function val-
ues also only slightly influences the shape of the SK-plot.
The resulting SK-plot for a work function that is not con-
stant across a sample is wider than that for a constant
work function sample, and tends to be similar in values
to a higher work function sample.
VI. CONCLUSIONS
As shown, experimental electron field-emission data
obtained using tip arrays can be reproduced assuming a
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FIG. 10. Comparing different sample sizes with a change in
work function. All simulations use a constant value for the
height and the work function, unless otherwise noted. The
simulation used 400 samples for each case and 1024 tips, un-
less otherwise noted.
simple model and a log-normal distribution of tip radii.
The model can explain the spread observed in the SK-
plots and the almost linear relationship observed, as well
as the fact that the data points appear randomly along
the line of the plot. The effect seems to be purely statis-
tical in nature due to the finite number of tips on each
sample and the fact that a log-normal distribution pro-
duces a few very sharp tips leading to a larger distribu-
tion in the emitted current. Since the calculations were
carried out for arrays of tips, it is not immediately clear
how the almost linear form of an SK-plot can also be re-
produced for single tips.13 One can speculate that this
is due to statistical variations in nano-protrusions on the
tip surface, which for a small number of protrusions has
been shown to result in a similar effect.11 Similarly, for
repeated measurements on a single sample, the observa-
tion of nearly linear SK-plots indicates that the radial
distributions change over time while still following a log-
normal or similar distribution.
The simulations also show that a change in work func-
tion will shift the SK-plot, supporting analyses conducted
elsewhere, as for example in the paper of Gotoh et al.23
However, the simulations also show that changes in the
number of emitters per sample give similar results to
those obtained when varying the work function. There-
fore, if the number of emitters is not well known, no
conclusion about the work function can be made.
It will not be possible to extract all distribution param-
eters from measured data using this model, since changes
in several parameters lead to the same effect, for exam-
ple, changes in work function vs. changes in sample size,
or changes in standard deviation of the height distribu-
tion vs. a distribution of work function values. This is
similar to the known fact that one cannot extract the
field enhancement factor and the work function reliably
at the same time from a single FN-plot. However, when
assumptions can be made for several of the parameters
6one should be able to extract information from the sam-
ple by creating SK-plots with good statistics. Here, one
has to make sure that the correction factors are used,
since these can create large offsets in the absolute values
of slope and intercept, as shown. The extraction of distri-
bution parameters using this approach will be explored
in a future publication.
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